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Abstract A new quantum computer algorithm is proposed for determining the parity of
function f(x) by using quantum counting algorithm. The parity of function f(x) can be
determined by counting exactly the number of satisfying f(x) = —1, which is equivalent to
determine the number of solutions, M, to an N item search problem. The algorithm can be
accomplished in time of order ® (k(N — k)).
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Quantum computers [1], which are built based on the fundamental principle of quantum
mechanics, can efficiently perform some tasks that are not feasible on a classical computer
using quantum parallelism and interference effect, such as factoring problem [2], phase
estimation problem [3], hidden subgroup problem [4, 5], and so on. Shor’s algorithm for
factorizing a large composite number can be achieved in polynomial time, which provides
an exponential speedup over the best known classical algorithm [2]. The Grover algorithm
gives a quadratic speedup over the most efficiently classical search algorithms for search-
ing a marked item from an unordered database [6—8]. Most important, however, Grover
quantum search algorithm did not depend for the impact on the unproven difficulty of the
factorization problem. Zalka [9] has proven that the algorithm is as efficient as theoretically
possible, and a variety of applications in which the algorithm is used to solve other prob-
lems [10-12]. In 1998, Brassard et al. [13] proposed a quantum counting algorithm whose
aim is to determine the number of solutions, M, to an N item search problem (here M is
not known in advance) by combining the ideas of Grover’s and Shor’s quantum algorithm.
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Mosca [14] also proposed a quantum counting algorithm from the point of view of quan-
tum eigenvalue estimation. Quantum Fourier transform based phase estimation procedure
enables us to estimate the solutions, M, using ® (+/N) oracle applications, while on a clas-
sical computer it takes ®(N) consultations with an oracle to determine M. The power of
quantum computation is based on the fact that the quantum state of a quantum computer can
be a superposition of basis states and we can simultaneously perform the unitary operations
on multiple quantum states.

In 1998, Farhi et al. [15] proposed a quantum algorithm for determining the parity prob-
lem with a sequence of unitary operators. In the algorithm, Farhi et al. established the lower
bound of determining the parity of a function f(x), i.e., at least N /2 applications of oracle
should be performed to determine the parity. Thus Farhi et al. pointed out that the quan-
tum computer had a limit on the speed of quantum computation and a quantum computer
could not outperform a classical computer in determining parity. Subsequently, Stadelhofer
et al. [16] proposed another quantum algorithm for determining the parity of a string of N
binary digits. The algorithm required a sequence of unitary operations to be performed and
N /2 oracle to be calculated. Comparing with Ref. [15], Stadelhofer et al.’s algorithm only
required a single qubit measurement, while » measurements must be made in Ref. [15]. Thus
Stadelhofer et al.’s algorithm was optimal in the sense of Ref. [15]. In this paper, we propose
a new and fast quantum computer algorithm for solving the parity problem. The proposed
algorithm is, in fact, equivalent to the quantum counting algorithm in Refs. [13, 14], except
the process of implementation of Grover quantum iteration is done using different basis and
unitary operators. The parity of function f(x) can be determined by counting the number of
satisfying f(x) = —1, which is equivalent to determine the number of solutions, M, to an
N item search problem. We discuss the lower and upper bounds of the algorithm in different
cases.

Now we briefly review the basic property of the parity problem. Given a function f(x),

fx)==x1, forx=12,...,N. (€))

Here x is defined on the integers from 1 to N and f(x) takes the values either +1 or —1.
The parity of f(x) is defined as the product of f(x) over all the values which x can take,
that is,
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The most efficient classical algorithm for this problem is to calculate the function f(x) over
all x from 1 to N one by one, requiring N oracle calls.

Before proposing our algorithm for determining the parity of function f(x), we first
introduce the Grover iteration and its performance revealed in Refs. [13, 14]. The Grover
iteration operator in quantum search algorithm has the following form,

G=wWuUw"'i, 3

where U, is an unitary operator of calculating the function f(x) defined as U :
Ix) = (—=1)/@|x), W is the Walsh-Hadamard transform defined as W : |i) — (1/+/2)
Z}:O(—l)’ﬂj), and U, is defined as U, : |x) — —(—1)%0|x).

Initially, the state of the system in the search problem is
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where N = 2". Define the new normalized basis vectors

1 o
lv) = WZ %), )

B
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Here ) 7 and Zf represent the sums over all x which correspond to M searched items and
N —M unsearched items to the search problem, respectively. Thus the initial state of the
system can be written as [14]

lp)o = sin(wy)|v) + cos(wOu) | )
_ieinHM iefiﬂeM

= ﬁ|wa>+ 7

where |V, ) = l/ﬁ(h)) +i|w)) and |yg) = 1/ﬁ(|v} —i|u)), which are the eigenvectors
of the iteration operator G = WU, W~'U; with eigenvalues > and e 271, respectively.
0<6y >1, with

Vg, @)

2M 2JM(N — M M
cosRmby)=1— N sin(2w0y) = # and sin(wly) = T (8)

From (8) we can see that the number of the solutions, M, can be obtained if we can calculate
the value of 6,,.

We now give a quantum algorithm for determining the parity of function f(x) by ap-
plying the iteration operator G mentioned above. Here, for convenience, we assume that the
maximal value that x can take for function f(x) is N = 2", and the number of satisfying
f(x) =—11is k. The algorithm consists of the following steps.

Step (i)—Initialize the registers in the state

2N-1

1
ﬁZml Z x)2 ® lq)3 ©)
z=0

Step (ii)—Apply the iteration operator G y times when the state of the first register is | y).
Here we should point out that when the function f (x) is evaluated using operator I/ in the
process of iteration, the function f (x) satisfies the following conditions

fx), forl<x <N,

f(x)={+1, forx=0and N <x <2N — 1. (19)

Step (iii)—Apply the inverse quantum Fourier transform F,~, which maps each state |a)
into a superposition given by F,”|a) = f ZZ L em2miac/2 | oy with £ is the number of qubits,
to the first register. We have

mGk p—1 p—1
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where sin(w6;) =,/ % and [97( is a close estimate of 6; with high precision.
Step (iv)—Measure the first register, obtaining
_Jz/p, for0 <z <p/2,
ek_:l—Z/p, for p/2 <z < p. (12)

Finally, we substitute the value of 6, into the equation sin(w6;) =,/ % and obtain the
exact value of k that is the number of satisfying f(x) = —1 with high precision through
simple calculation. In this way we can determine the parity of function f(x) depending on
the value of k, namely,

__ | +1, if kis an even integer,
P(f)_{—l, if k is an odd integer. (13)

In the above algorithm, we add a qubit in the second register making the range of x for
f(x) from1 <x <N to0<x <2N — 1, which ensures that 0 < % < % and makes the
algorithm can be successfully implemented during the process of applying Grover itera-
tions. The expected running time of the whole algorithm for determining exactly k requires
O (k(N — k)) iterations of G and the success probability of correctly determining k is at
least 2/3.

Let us now consider when different values of k are chosen, the influence to the running
time of the proposed algorithm. It can be easily obtained that when k < N, we need ap-
proximately ©(+/N) iterations of G. An interesting special case occurs when k = N/2. In
this case we need N /2 iterations of G, which has the same computing complexities as the
quantum algorithms that require at least N /2 oracle calls proposed in Refs. [15, 16]. For the
other values of &, the computing complexity of our algorithm is less than N /2. In Fig. 1, we
plot the required iteration times of G for implementing the proposed algorithm when differ-
ent values of k are chosen, and we can see that our algorithm is faster than the algorithms in
Refs. [15, 16].

Fig. 1 The required iteration 0.5
times of G for achieving the
algorithm corresponding to
different values of k

(N)
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In conclusion, we have proposed a fast quantum computer algorithm for determining the

parity of function f(x) based on quantum counting algorithm. In contrast to Refs. [15, 16] in
which at least N /2 oracle calls were required to determine the parity, our algorithm required
less than N /2 applications of the unitary operator I/, which led to a potential speed up for
determining the parity.
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